We present an analytic five-loop calculation for the additive renormalization constant A(u, ǫ) and the associated renormalization-group function B(u) of the specific heat of the O(n) symmetric φ 4 theory within the minimal subtraction scheme. We show that this calculation does not require new fiveloop integrations but can be performed on the basis of the previous five-loop calculation of the four-point vertex function combined with an appropriate identification of symmetry factors of vacuum diagrams. We also determine the amplitude function F + (u) of the specific heat in three dimensions for n = 1, 2, 3 above T c and F − (u) for n = 1 below T c up to five-loop order, 
ratios A + /A − for n = 1, 2, 3. Our result for A + /A − = 1.056 ± 0.004 for n = 2 is significantly more accurate than the previous result obtained from the ǫ expansion up to O(ǫ 2 ) and agrees well with the high-precision experimental result A + /A − = 1.054 ± 0.001 for 4 He near the superfluid transition obtained from a recent experiment in space.
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I. INTRODUCTION
One of the fundamental achievements of the renormalization-group (RG) theory of critical phenomena is the identification of universality classes in terms of the dimensionality d of the system and the number n of components of the order parameter [1] . Specifically, RG theory predicts that the critical exponents, certain amplitude ratios and scaling functions are universal quantities that do not depend, e.g., on the strength of the interaction or on thermodynamic variables (such as the pressure). The superfluid transition of 4 He belongs to the d = 3, n = 2 universality class and provides a unique opportunity for an experimental test of the universality prediction by means of measurements of the critical behavior at various pressures P along the λ-line T λ (P ). Early tests have been performed by Ahlers and collaborators and consistency with the universality prediction was found within the experimental resolution [2] . At a significantly higher level of accuracy, the superfluid density and the specific heat (or, equivalently, thermal expansion coefficient) above and below T λ (P ) are planned to be measured in the Superfluid Universality Experiment (SUE) [3] under microgravity conditions or at reduced gravity in the low-gravity simulator [4] . As demonstrated recently [5] , this would allow to perform measurements up to |t| ≃ 10 −9 in the reduced temperature t = (T − T λ (P ))/T λ (P ).
On the theoretical side, the corresponding challenge is to calculate as accurately as possible the properties of the O(n) symmetric φ 4 model in three dimensions. To extract the leading critical exponents from the experimental data and to demonstrate their universality at a highly quantitative level requires detailed knowledge on the ingredients of a nonlinear RG analysis [6] . They include not only the well-known RG exponent functions of the φ 4 model whose fixed point values determine the critical exponents but also the less well-known amplitude functions [7] [8] [9] [10] [11] [12] which contain the information about universal ratios of leading and subleading amplitudes [1] .
The existing theoretical predictions on the critical exponents [13] within the minimal subtraction scheme [14, 15] are based on field-theoretic calculations to five-loop order [16] [17] [18] [19] and Borel resummation. By contrast, the present theoretical knowledge of the amplitude ratios for n > 1 below T c is based only on low-order (mainly 1-and 2-loop) calculations which imply an uncertainty at the level of at least 10-30% [1] . It has therefore been proposed [20] to significantly reduce this uncertainty by performing new higher-order field-theoretic calculations and Borel resummations of various amplitude functions in three dimensions.
Both conceptual and computational steps towards this goal have already been performed.
The conceptual progress includes the demonstration that the d = 3 field theory suggested by Parisi [21] can well be realized within the minimal subtraction scheme at d = 3 [7] [8] [9] by incorporating Symanzik's non-vanishing mass shift [22] and that spurious Goldstone singularities for n > 1 below T c can well be treated within this approach [12] by using an appropriately defined pseudo-correlation length [9] . The computational steps include the determination of the amplitude functions F + (u) and F − (u) of the specific heat in three dimensions above T c for n = 1, 2, 3 [10] and below T c for n = 1 [11] , respectively, up to five-loop order, and their Borel resummation. These calculations, however, were not yet complete because of an approximation regarding the additive renormalization A(u, ε) of the specific heat and the associated RG function B(u). Due to the lack of knowledge in the literature about higher-order terms, A(u, ε) and B(u) were approximated by their two-loop expressions. Although the good agreement between low-order d = 3 perturbation results [7, 23, 24] and accurate experiments [2, 25, 26] provided some indication for the smallness of the effect of the higher-order terms of B(u), no reliable estimate could be given for the remaining uncertainty of F ± (u) which could well be of relevance at the level of accuracy anticipated in future experiments [3] . Furthermore we recall that any inaccuracy of B(u)
enters not only the formulas [9] for several universal amplitude ratios but also the formulas needed to determine the effective coupling u(l) from the specific heat [7, 23, 24] .
It is the purpose of the present paper to provide the missing information on the higherorder terms of A(u, ε) and B(u) by means of a new five-loop calculation. We shall show that the analytic calculation of A(u, ε) and B(u) can be directly related to the previous calculations [16] [17] [18] [19] of the four-point vertex function. This provides the crucial simplification that no new evaluations of three-, four-and five-loop integrals are necessary but that only a new determination of symmetry and O(n) group factors of vacuum diagrams is sufficient.
Using the five-loop expression of B(u) we are in the position to determine the correct higher-order terms of the minimally renormalized amplitude functions F + (u) for n = 1, 2, 3
and F − (u) for n = 1 in three dimensions on the basis of previous work [27] [28] [29] [30] where a different renormalization scheme was used. The new coefficients of the higher-order terms of F + (u) turn out to differ considerably from the previous approximate coefficients [10] whereas the coefficients of F − (u) are only weakly affected by the new higher-order terms of B(u).
We also perform new Borel resummations of B(u) for n = 1, 2, 3 as well as of F − (u) and of F − (u) − F + (u) for n = 1. It turns out that the result of the Borel resummation for B(u) including the new terms up to five-loop order differs from the two-loop result B(u) = n/2 + O(u 2 ) by only less than 1% at the fixed point. For the amplitude functions, our new
Borel resummation results differ from the previous ones [10, 11] by about 1% for F − and by less than 0.1% for F − −F + at the fixed point. This is a nontrivial and important confirmation of the previous conjectures about the smallness of resummed higher-order contributions [9] [10] [11] .
As a first application, we calculate the universal ratios A + /A − and a 
II. ADDITIVE RENORMALIZATION OF THE SPECIFIC HEAT
The O(n) symmetric φ 4 model is defined by the usual Landau-Ginzburg-Wilson functional
for the n-component field φ 0 (x) = (φ 01 (x), . . . , φ 0n (x)) where
and h 0 = (h 0 , 0, . . . , 0). The Gibbs free energy per unit volume (divided by k B T ) is
We shall consider the bulk limit V → ∞. We are interested in the specific heatC ± per unit volume at vanishing external field h 0 = 0 (divided by Boltzmann's constant k B ) where ± refers to T > T c and T < T c , respectively. Near T c ,C ± is determined by [9] 
where C B is an analytic background term. Alternatively the Helmholtz free energy per unit
The perturbative expression for Γ 0 (r 0 , u 0 , M 0 ) is obtained from the negative sum of all oneparticle irreducible (1 PI) vacuum diagrams [15] . The perturbative expression forC ± is then determined by the vertex functionsΓ
which we consider as functions of appropriately defined correlation lengths ξ + and ξ − above and below T c [9, 12] ,
A description of the critical behavior requires to turn to the renormalized vertex functions
We work at infinite cutoff using the prescriptions of dimensional regularization and minimal subtraction at fixed dimension 2 < d < 4 without employing the ǫ = 4 − d expansion [7] [8] [9] .
The Z-factors are introduced as
where the geometric factor
the associated field-theoretic functions [8] 12) are known up to five-loop order [17] [18] [19] .
The main quantity of interest in the present paper is the renormalization constant A(u, ǫ) in Eq. (2.7) which absorbs the additive poles of bothΓ
− . Previously [10, 11] A(u, ǫ) was employed only in its two-loop form [7] A(u, ǫ) = −2n
Here we report on a calculation of A(u, ǫ) up to five-loop order. We would like to stress that this calculation does not require new five-loop integrations but can be performed on the basis of the previous five-loop calculation [17] [18] [19] factor S (i) , the O(n) group factor G (i) (n) and the momentum integral expression I (i) (r 0 , ǫ).
Thus the structure of the diagrammatic expression of a typical diagram, e.g., (16) 
The symmetry and group factors are listed in Table I .
To calculate the additive renormalization constant A(u, ǫ) one needs to calculate those ultraviolet d = 4 pole terms of the diagrams contributing to Γ The result reads
where A (m) denotes the contribution of m-loop order, 
Using A(u, ǫ) of Eqs. (2.16)-(2.19) and the perturbative expressions for ζ r and β u of Refs.
[ [17] [18] [19] we find
The terms of O(u 2 ) and O(u 3 ) agree with those of Ref. [34] . In Table II the coefficients c Bm of the power series
are given for n = 0, 1, 2, 3 up to m = 4 corresponding to five-loop order. Table II also contains the coefficients f (m) i of the power series of the functions
where f i (u) denotes the functionsβ(u), ζ r (u) and ζ φ (u) for i = 1, 2, 3, respectively. These coefficients are taken from Refs. [17] [18] [19] . Up to four-loop order they agree with those in Table 1 of Ref. [8] .
in the table caption of Ref. [8] should read f
The five-loop coefficients f
and f
differ from those in Table 1 of Ref. [8] according
to the corrections in five-loop order in Ref. [19] .
In Fig. 2 the partial sums of B(u) from two-to five-loop order are shown for the example n = 2. As expected, the contributions for m ≥ 2 have alternating signs and increase considerably in magnitude. Clearly a resummation of B(u) is necessary similar to that for
First we reexamine the fixed point values u ⋆ , β u (u ⋆ , 1) = 0, for n = 1, 2, 3 obtained in
Refs. [8, 24] by means of Borel resummation on the basis of previous five-loop results [17, 18] and in Ref. [16] on the basis of four-loop results. Here we employ the corrected five-loop coefficients for the ǫ expansion of the fixed point value which we have derived from Eq. (8) of Ref. [19] . Employing the standard Borel resummation method [8, 35] we have obtained the fixed point values in three dimensions
The corresponding resummation parameters α and b = 5.5 + n/2 [35] are
The previous fixed point values [8, 16, 24] are consistent with Eqs. (2.24)-(2.26) within the previous error bars. The present error bars are smaller than the previous ones [8, 16, 24] .
(The range of α determines our error bars, as described further below.)
We have performed Borel resummations of B(u) at the fixed point u ⋆ for the cases n = 1, A description of the Borel resummation method [35] for the present purpose has been given in Section 5 of Ref. [8] . The corresponding Borel resummed results for B(u ⋆ ) are
We have also determined the function B(u) for n = 2 (superfluid 4 He) in the range 0 ≤ u ≤ 0.04 as shown in Fig. 3 .
Most remarkable is the smallness of the deviation of the resummed function B(u) for n = 1, 2, 3 from its two-loop approximation n/2. This confirms previous conjectures [9] [10] [11] and justifies earlier analyses [7, 23, 24] .
III. AMPLITUDE FUNCTIONS F ± IN THREE DIMENSIONS
A. Definition of F ± By means of the renormalized vertex functions in Eq. (2.7) we define the dimensionless amplitude functions
They enter the critical behavior of the specific heat in three dimensions in the form of the functions
according to [9] 
where
and a = Z r (u, 1) −1 a 0 . In Eq. (3.3), u(l) is the effective coupling satisfying 
We have determined c 
where the Z-factors have the arguments Z i (u, 1). The perturbative expression forΓ 
where the renormalization factor Z 5 (λ) and its relation to the specific heat have been presented in numerical form by Bervillier and Godrèche [28] and by Bagnuls and Bervillier [29, 36] , see also Ref. [10] . For d = 3 their renormalized coupling λ is related to our u 0 via the renormalization factor Z 3 (λ) according to u 0 ξ + = −2πλZ 3 (λ) −1/2 as noted in Ref. [10] .
The perturbative expression ofΓ Table III .
(ii) Alternatively the coefficients c ± F m can be determined via the relation
as done previously [10, 11] . For the definition of P ± and f (3,0) ± and for a derivation of Eq.
(3.11) we refer to Refs. [8] and [9] . In the present context we need the contributions to P ± and f (3,0) ± only up to O(u 4 ) as given in Table 4 of Ref. [10] and Table 3 Since here we have used the perturbative contributions of B(u) up to five-loop order, the resulting higher-order coefficients c ± F m given in Table III differ from those determined previously (see Table 4 of Ref. [10] and Table 3 of Ref. [11] ) where the approximation B(u) = n/2 + O(u 2 ) was used. Only our low-order coefficients c
agree with the previous ones [10, 11] . The coefficients c for u ⋆ F − (u ⋆ ), and
We have found that our present method does not yield a reliable estimate of the parameters α and b for F + (u ⋆ ) separately; this may be related to the fact that, unlike c − F m , the coefficients c + F m (see Table III ) do not have alternating signs for m ≤ 3 (this alternation is predicted for the asymptotic large-order behavior [8, 35] ). F + (u) will be further studied elsewhere. In the application to amplitude ratios given below we shall not need F + (u ⋆ ) separately.
The resummation results are
and
In order to substantiate the reliability of these resummations of three-loop results we have repeated our resummation for n = 1 but now on the basis of three-loop results. In at u = 0.04 for n = 1. These results provide confidence in our resummation procedure based on three-loop results. In particular they demonstrate that Borel resummations of three-loop results yield reliable results with error bars that significantly reduce the uncertainties of oneand two-loop calculations. Since the n-dependence beyond three-loop order is expected to be smooth and weak in the range 1 ≤ n ≤ 3 there is no reason to expect that the reliability of our resummation procedure is significantly different for n = 2 and 3. In Figs. 4b and 5b the corresponding resummation results (with error bars) on the basis of three-loop perturbation series are shown for n = 2 at the same value u = 0.04 as for n = 1 in Figs. 4a and 5a. They clearly demonstrate the significant improvement over the previous situation at two-loop order [9, 12] where no error bar could be determined in a convincing fashion.
IV. APPLICATIONS
We apply our results to the specific heat in the asymptotic critical region where it can be represented as [1, 9] according to Refs. [13] , [5] and [37], respectively. Borel summation values for P ⋆ + have been calculated previously [10] . These calculations, however, were based on five-loop coefficients that were derived from the five-loop results of Refs. [17] and [18] which were corrected by Ref. [19] . Taking into account the latter corrections we have derived corrected five-loop coefficients c P 5 of the power series P + (u) = Table IV for n = 1, 2, 3. For comparison this Table also contains the results of previous calculations as well as experimental or numerical results. We see that there is good agreement between the previous and our results for n = 1 and n = 3. For n = 2, however, our result is significantly more accurate and agrees well with the high-precision experimental result for 4 He near the superfluid transition obtained from a recent experiment in space [5] .
The smallness of our error bar for A + /A − for n = 2 is due to the small value of α for n = 2 which, according to the structure of Eq. (4.2), suppresses the error of F ⋆ ± . Exploiting this structure, i.e., separating exponents from amplitude functions, is a particular advantage of our d = 3 formulation of field theory. This structure was not explicitly taken into account in the previous ǫ-expansion analysis for n = 2 [32] . The previous result obtained from the ǫ expansion up to O(ǫ 2 ) [32] does not agree with the experimental result for n = 2 within the error bars. The results 1.05 and 1.58 of Ref. [9] for n = 2 and n = 3 are partly based on the one-loop form of F − (u) for which no error bar was available in Ref. [9] .
The expression of a T ξ related to the superfluid density ρ s of 4 He [9] . For this ratio we refer to a recent paper [31] where the three-loop amplitude functions of the specific heat below T c and of the order parameter are derived for general n.
After completion of the present work we learned of the preprint hep-ph/9710346 by B. [18]. Here R ′ denotes the incomplete ultraviolet R-operation which subtracts subdivergences, and K denotes the operation of taking pole parts. We use subscripts (a.b) for the pole terms on the right-hand-sides of (A1)-(A8) that are identical with the numbers associated with the three-and four-loop diagrams of Ref. [16] (the first number a in the brackets indicates the number of loops and the second number b indicates the consecutive number of a diagram in Table 1 of Ref. [16] ). The subscripts on the right-hand sides of Eqs. (A9)-(A18) correspond to the numbers of the five-loop diagrams of Ref. [18] . We have multiplied the left-hand sides by factors (16π 2 ) m in m-loop order because of the definition of the bare four-point coupling 16π 2 g 0 /24 in Refs. [16] [17] [18] [19] .
The one-and two-loop expressions read
the three-loop expressions read
the four-loop expressions read
and the five-loop expressions read 
The pole terms up to four loops are [16] 
and the five-loop pole terms are [18] 
In Eqs. (A37) and (A51) the corrections found in Ref. [19] have been taken into account.
Note that in Eqs. (A19)-(A54) we have used ǫ = 4 − d whereas in Refs. [16, 18] ǫ denotes
Eqs. (A1)-(A54) determine the additive renormalization according to Eq. (2.7) as
The overall factor of 2 in Eq. 
APPENDIX B: Z FACTORS
In deriving the coefficients of the perturbation series of the quantities F ± (u), P ± (u), and f (3,0) ± (u) we needed the Z-factors Z r , Z φ , and Z u calculated previously [17] [18] [19] up to five-loop order. Since their explicit form is not available in the literature we present them here explicitly. They read
with the following coefficients in m-loop order:
Coefficients of Z r (u, ǫ):
r (ǫ) = 4(n + 2) 
Coefficients of Z φ (u, ǫ):
Coefficients of Z u (u, ǫ): 
2 loops:
3 loops:
4 loops: 
